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I. INTRODUCTION 
In this paper we study some simplified versions of electrical discharges 
in gases. These processes have been extensively studied using the classical 
Boltzmann equation [l-3]. We shall employ the concept of invariant im- 
bedding [4-71 and treat the ionization process and “Townsend avalanche” 
in the same manner as we have done for neutron transport and the determina- 
tion of critical mass. 
Our aim is to formulate a simplified one-dimensional version of the process 
leading to dielectric breakdown in a gas. The methods we employ can readily 
be extended to cover the cases of nonuniform, static, electric fields and of 
more realistic and complex ionization cross sections. In particular, we wish 
to determine the breakdown voltage for a given separation of a pair of 
electrodes. 
The principal purpose of the new approach of invariant imbedding is 
to produce a mathematical formulation based upon initial value problems 
rather than upon the more usual boundary value problems of classical 
mathematical physics. In this way we gain new insights into the physical 
processes and obtain equations which are far more easily handled by high- 
speed digital computers. 
II. ONE-DIMENSIONAL IONIZATION PROCESS 
Let us now consider a one-dimensional model of the behavior of a gas 
situated between two electrodes in a tube. An electron with some initial 
velocity at the cathode is further energized by an impressed electric field. 
As it moves toward the anode, it may ionize some of the gas molecules in 
its path, thus giving rise to additional electrons that also move toward the 
anode and that can ionize additional gas molecules in their turn. We see 
then that we are concerned with a type of branching process [8]. 
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The positive ions set free during each ionization move toward the cathode 
with a certain acceleration. It is assumed in the present model that they do 
not interact with the molecules of the gas. When an ion strikes the cathode, 
however, we assume that it produces a random number of secondary electrons, 
each of which acts in the manner described previously. We thus have a possi- 
bility of a self-sustaining process and a plausible mechanism for the well- 
known effect of the “Townsend avalanche.” 
Since we wish to consider the process for large values of the electric field, 
i.e., near the breakdown condition, we can ignore the collisions which tend 
to restore temperature equilibrium. Similarly, we can waive the minimum 
energy requirements for ionization. Finally, to simplify this initial investiga- 
tion we shall consider the steady-state process for the electron and ion 
fluxes. All of these more realistic effects that are omitted here can be included 
at the expense of some algebraic complication. 
The following specific assumptions are made: 
1. Electrons move only toward the anode; they collide with the neutral 
molecules of the gas and produce electrons and ions as a result. The newborn 
electrons and ions start with zero velocity and are accelerated in opposite 
directions. No energy loss takes place at an ionization since the daughter 
electrons start with zero velocity. (This is an inessential assumption.) 
2. The positive ions do not interact with the molecules of the gas. They 
move toward the cathode and upon hitting it produce secondary electrons. 
These are taken to have a given distribution function of initial energies. This 
function involves Townsend’s second coefficient, just as the description of 
the ionization process producing primary electrons involves Townsend’s 
first coefficient. 
3. Recombination is allowed. 
We are interested in determining the average number of electrons per unit 
time arising at the anode and resulting from an initial steady ion flux. In 
the case of processes with no recombination we can find explicit solutions 
and can conveniently characterize the plate separation for dielectric break- 
down. In the more general case, perturbation techniques or numerical 
methods of the type described in [9] must be used. 
III. CLASSICAL FORMULATION 
Let us begin with some classical considerations. Consider a one-dimen- 
sional avalanche process taking place in an interval (0, X) as shown. 
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We assume that the process stems from one ion per unit time passing the 
point X. The potential difference between the cathode and the anode is kept 
fixed at the voltage V. Thus the electric field that accelerates the electrons 
and ions is constant and equal to V/L. We shall make use of the following 
definitions: 
E = energy of particle. (3.1) 
a(E) = recombination coefficient per unit length. (3.2) 
a(E) = ionization cross-section. (3.3) 
g(E)dE = expected number of secondary electrons with 
energies between E and E + dE per ion im- 
pinging on the cathode. (3.4) 
~(a, E) = average number of electrons with energies 
between E and E + dE passing the point z to 
the right per unit time. (3.5) 
V(Z) = average number of ions passing the point x per 
unit time (3.6) 
Taking into account the ionization and recombination processes occurring 
in the interval (a - A, a), we obtain the relation 
u(z, E) = u (2 - A, E - F A) (1 - a(E) v(x) A} 
+ 6(E) A j~iz’=u(a, E’) a(E’) dE’ + o(A). 
In the limit as d -+ 0 this equation becomes 
u, + F uE + a(E) v(z) z&z, E) = 6(E) j;“” u(x, E’) a(E’) dE’. (3.8) 
In addition we have the boundary condition 
40, E) = g(E) 40). 
For the ions we see that 
v(z) = v(z + A) 11 - A j~?x(E’) u(x, E’) dE’ 1 
(3.9) 
+ A joveziL u(z, E’) a(E’) dE’ + o(A). 
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In the limit this becomes 
I 
Vt?ZIL 
-21, = [a(E’) u(z, E’) - ct(E’) v(z) u(z, E’)] dE’, (3.11) 
0 
and, at x = x, by assumption we have 
v(x) = 1. (3.12) 
Equations (3.8) and (3.11) for the electron and ion fluxes are difficult to 
discuss, either analytically or computationally, due to the two-point boundary 
conditions of Eqs (3.9) and (3.12). In the next section we shall present an 
alternative formulation, based upon the theory of invariant imbedding, in 
which this difficulty is avoided, 
IV. INVARIANT IMBEDDING 
Let us now consider x itself to be a variable, a move anticipated by our 
notation, and let us seek an equation for the “reflected” flux of electrons 
due to the incident stream of ions, without the intermediate step of calcul- 
ating the internal fluxes U(Z, E) and v(z). First let us introduce the function 
R(x, E, y)dE = the expected number of electrons per unit 
time, with energies between E and E + dE, 
that are reflected from the tube extending 
from 0 to x and are due to an input of y 
ions per unit time at x. (4-l) 
Then, following the reasoning on p. 257 of [6], for E # 0 we have 
R(x,E,y)= [l -a(E)yA]R(x-A,E--A,y 
s 
Vex/L 
- a(E’) yR(x, E’, y) dE’ 
0 
+ i:“‘” 
a(E’) R(x, E’, y) dE’j + o(A). 
(4.2) 
Now we let A + 0 and obtain 
Rs + T R, + R, [y s:“‘” a(E’) R(x, E’, y) dE’ 
- 
.r 
v’s’La(E’) R(x, E’, y) dE’/ + a(E)yR(x, E, y) = 0. 
0 
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As an initial condition for x = 0 we have 
40, E, Y) = g(E)y. (4.4) 
A variety of numerical techniques are available for determining the solution 
of Eq. (4.3) subject to the condition (4.4). We could, for example, determine 
the sequence of functions of two variables, R(0, E, y), R(A, E, y), R(2A, E, y), 
. ..) for a suitable set of values for E and y. These functions provide infor- 
mation about the electron flux and its energy dependence at the anode end 
of a tube extending from 0 to kA with an input of y ions per unit of time at 
the anode end. We may associate dielectric breakdown with sufficiently 
large values of R. 
V. ANALYTICAL CONSIDERATIONS 
The processes are greatly simplified if we assume that no recombination 
takes place, i.e., 
a(E) 3 0. (5.1) 
The classical equations (3.8) and (3.11) then become linear. Equation (4.3) 
for the reflected electron flux becomes 
R,+~%++J. ve2’L a(E) R(x, E’, y) dE’ 1 = 0, (5.2) 
0 
and we still have 
W, -G Y> = x(E). (5.3) 
This suggests putting 
+, E) y = R(x, E, Y>. (5.4) 
In physical terms, the function Y(X, E) is the average number of electrons 
reflected per unit time per unit of incident ion flux on a tube extending 
from 0 to x. Consequently, we have, for E # 0, 
Ve 
rZ + 7 YE - - Y(X, E) s,““‘” a(E’) Y(X, E’) dE’, 
where 
I, + ffE = Y(X, E) b(cx), 
b(cx) = j- a(E’) t-(x, E’) dE’, 
Ve 
c=-. 
0 L 
The initial condition at x = 0 is 
~(0, E) = g(E), 
(5.5) 
(5.6) 
(5.7) 
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Though our major interest lies in the fact that we have an initial value 
problem for the key equation (4.3), it is worth noting that Eqs. (5.5) and 
(5.7) can be resolved explicitly. Writing 
r(x, E) = S(x, E) exp (Jr b(cx,) &I, 
we see that the function S(x, E) satisfies the simpler equations 
s, + cs, = 0, 
S(0, E) = g(E). 
The solution of this system is 
S(x, E) = g(E - cx). 
Thus we have 
r(x, E) = g(E - cx) exp [/I b(q) dzclj. 
Next we observe that 
b(cx) = jcz a(E,) Y(X, El) dEl 
0 
u 
ez 
z.z 44) g(4 - 4 dE, 
0 j 
exp (jr &XI) dx, j- 
Therefore 
- g (exp [ - 1' b(cx,) dx,] 1 = jcz a(E,) g(E, - CX) dE,; 
0 0 
finally we have 
exp (- jz b(cx,) dxl) = 1 - j’ dx, j”’ g(E, - cxl) a(E,) dE,, 
0 0 0 
and 
Y(X, E) = SW - 4 
1 - g dx, j? g(E, - cx,) u(E,) dE, ’ 
(5.8) 
(5.9) 
(5.10) 
(5.11) 
(5.13) 
(5.14) 
(5.15) 
(5.16) 
Consider that the anode is at x = L. Then, according to the last equation, 
the condition on the field strength, V/L, for dielectric breakdown is that 
V/L be the smallest value for which 
1 = jr dx, j~v’L’s2,a(El) g(E, - cxl) dE,. (5.17) 
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This equation has a simple physical interpretation. It states that for a sus- 
tained current to be possible each ion incident on the cathode must produce 
electrons which ultimately yield at least one more ion, on the average, in- 
cident on the cathode. 
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